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In sequential loop clesure, the importance of evaluating the stability and stability robustness at the intermediate
loop closures is well known. However, knowledge concerning how the intermediate loop closures, as well as the
final loop closures, contribute to the stability and stability robustness of the overall feedback system holds special
significance to the analysis and design of multivariable feedback systems. An analysis of the complete feedback
system reveals the multivariable Nyquist contributions from the intermediate loop closures. It is also shown that the
results greatly simplify if frequency separation exists between the intermediate loops. The analysis is presented with
a two-step loop closure procedure using “inner” and “outer” loops that can be generalized to multistep situations.
The control of the longitudinal dynamics of an aircraft is addressed to further clarify and demonstrate the results.

Introduction

ONSIDER the generic multivariable feedback loop in Fig. 1

with responses y(s), control inputs u#(s), response commands
¥.(s), plant transfer function matrix G (s), and compensator transfer
function matrix K (s). Typically, the compensator must stabilize all
unstable modes present in the plant. Further, the compensator must
ensure this stability in the presence of plant modeling errors.

Frequency-domain criteria for stability and stability robustness
such as multivariable Nyquist stability and singular-value robust-
ness theory are well known and extensively documented.'~> These
tools are directly applicable to a given multivariable compensator in
the format of Fig. 1. For example, closed-loop stability is indicated
by the Nyquist diagram corresponding to det[/ 4+ K G]. Further, sta-
bility robustness can be assessed by considering det[/ + K G] or the
singular-value trace corresponding to o[l + K G]. However, if the
compensator is developed with a sequential loop closure strategy,®’
avoid exists in the relationship between stability and stability robust-
ness indicated after each loop closure and the stability and stability
robustness of the complete feedback system.

For example, consider the two-step loop closures shown in Figs. 2
and 3, where the “inner loops” consist of outputs y; and the “outer
loops” consist of outputs y,. It is important to observe here that
the inner and outer loops can be multivariable. Further, observe
that the block-diagram structure in Fig. 2 can be manipulated into
the more classical looking inner and outer loop structure depicted
in Fig. 4 if K;(s) and G;(s) are nonsingular. However, for ease
of exposition the structure of Fig. 2 will be considered. With only
the inner loops closed, system stability and robustness are indi-
cated by the Nyquist diagram corresponding to det[/ + K;G;] or
the singular-value diagram corresponding to o[/ + K; G;] . After the
outer loops are closed, system stability and robustness are indicated
by the Nyquist diagram or the singular-value diagram correspond-
ing todet[/ + K,G.] and o[I + K,G,], respectively, where G/ (s)
is the effective plant for the outer loop closure. How these inter-
mediate characteristics relate to the overall system characteristics is
of concern.
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Although somewhat related, the singular perturbation liter-
ature®12 concerning feedback control applications typically em-
phasizes nominal stability concerns only, or robustness to model
simplification errors exclusively, using some form of modern, multi-
variable control scheme formulated in the time domain. Further, cen-
tral to singular perturbation theory is the development of original-
system characteristics by studying the simplified system. Here, a
classical, frequency-domain formulation making use of fundamen-
tal Nyquist stability theory without turning to simplified models is
desired and stressed. Recent work dealing with two-scale systems in
the frequency domain is also related to the work here.'*~1® However,
the analysis presented here does not require frequency separation
assumptions and is formulated more directly to classical robustness
theory and its multivariable generalizations. The goal of this paper
is to relate the stability and stability robustness evaluated at each
stage of the (multivariable) sequential loop closure to that of the
final feedback system, so as to offer insight into the analysis and
design of sequentially developed feedback systems, and to suggest
a multivariable extension to this frequently used classical synthesis
technique.!”

Multivariable Stability and Stability Robustness

Stability of the closed-loop system in Fig. 1 is completely de-
termined by the roots of the closed-loop characteristic polyno-
mial ¢ (s). The closed-loop characteristic polynomial is related to
the open-loop characteristic polynomial ¢ (s) by the well-known
relationship!®

995) _ jedl T + K(5)G(s)) M)
Poi(s)
Application of the principle of the argument*® to Eq. (1) yields
N(O, detl + K(S)G(S)], Cppe) =Z — P @

where the notation N (0, det[/ + K G], Cryp) denotes the number
of encirclements of the origin made by the Nyquist diagram (i.e.,
the mapping of det[] + K G] as s traverses the contour Cryp, which
encloses the entire right-half of the complex plane). Further, Z is

u(s)

¥(s)
— -

ye8) +

——Pi—.

Fig. 1 Generic feedback loop.
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Inner Loop Closure :

the number of closed-loop poles [roots of ¢, (s)] inside Cryp and
P is the number of open-loop poles [roots of ¢ (s)] inside Cryp.
For closed-loop asymptotic stability, no closed-loop poles may lie
in the right-half plane, or

Z=0=N=-P 3)

In other words, the Nyquist diagram must have the correct number
of encirclements of the origin, namely, — P.

The feedback loop in Fig. 1 must also maintain stability in the
presence of plant modeling errors. One common way to represent
this error is with additive error AG(s) defined by

Outer Loop Closure :
AG(s) = Gr(s) ~ G(s) @

where G7(s) denotes the “true” linear plant.
For the true feedback system, Eq. (1) becomes

¢cl, T (S )
G, 7(8)
where ¢ 7 (s) and ¢, 7 (s) denote the true system’s closed-loop and

open-loop characteristic polynomials, respectively. Application of
the principle of the argument'® to Eq. (5) yields

= det[] + K(5)Gr(s)] 6))

Fig.2 Two-step loop closure with one input. N7(0,detl] + K(s)Gr(s)], Crup) = Zr — Pr (©)

where N7 (0, det[/ + KGy], Cryp) denotes the number of encir-

clements of the origin made by the true system’s Nyquist diagram,
Inner Loop Closure : Z7 is the number of true closed-loop poles in the right-half plane,
and Py is the number of true open-loop poles in the right-half plane.
For closed-loop asymptotic stability of the true system, none of its
closed-loop poles may lie in the right-half plane, or

Zr =O=>NT:~“PT (7)

It can be shown*® that if 1) the nominal closed-loop system is
asymptotically stable, or N = — P [see Eq. (3)], and 2) the required
number of encirclements of the origin is the same for both nominal
and true closed-loop systems, or P = Pr [see Egs. (3) and (7)],
then a necessary and sufficient condition guaranteeing closed-loop
asymptotic stability of the true system is

detf + K(s)G(s, )] #0, 5 € Crep, 0<e<l (8
Outer Loop Closure :

where G (s, €) is given as

© G(s, &) = G(s) +eAG(s) ®
yOcs +

Yols)
e

Note that ¢ = 0 and & = 1 correspond to the nominal and true
plants, respectively. The geometric concept associated with Eq. (8)
is that under assumptions 1 and 2, if the number of encirclements
of the origin remains unchanged as the nominal Nyquist diagram
is continuously warped to the shape of the true Nyquist diagram,
then closed-loop asymptotic stability of the true system is assured.
In other words, to maintain stability in the presence of modeling
errors, the mapping det{/ + K(s)G(s,&)], s € Crup, 0 < & < 1,
must not pass through the origin.

A sufficient condition, developed from Eq. (8), guaranteeing true
closed-loop asymptotic stability is>~>

Fig.3 Two-step loop closure with twe inputs. all + K(jo)G(jw)] > 6[K(jw)AG(jw)] for0 <w < o0
(10)

Yils)

%i(s) Yols)

Ki(s) |—1 Gi(9) [ Go91G1 9 |

;(8) + Uo(s)

Fig.4 Classical inner and outer loop structure.
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If it is more appropriate to describe the plant modeling errors with
multiplicative error (i.e., Gy = G{I + E}), then G(s, £) becomes

G(s,8) =G +€E(s)] (11)

and another sufficient condition guaranteeing true closed-loop
stability is>~3

all +{K(jo)G(jw)}™'] > G[E(jw)]  for0<w <00 (12)

Sequential Loop Closure

Sequential loop closure is defined here as the use of any appro-
priate synthesis technique to design loops in stages to yield the final
multivariable control law. For example, classical control techniques
can be used to close scalar loops one at a time, or modern multi-
variable control techniques can be used in stages. In this approach,
care must be taken because the selection and closure of a specific
loop can both adversely affect the stability and performance already
designed into previously closed loops and influence the stability and
performance in subsequent loops yet to be closed. Thus, the key to
success is the selection and order of the loop closure, and this is
typically based upon a fundamental understanding of the plant dy-
namics. Specific examples of this approach can be found in Refs. 6
and 20-26. One situation where sequential loop closure is partic-
ularly effective is where frequency separation exists between each
set of loops. In this particular but common situation most modern
multivariable synthesis methods would lead to undesirable results
if used to close all loops simultaneously. This is due to the fact
that the loop transfers are forced to be closely spaced at crossover,
which yields strong coupling and destroys any frequency separation
naturally present.

The direct application of multivariable stability and stability ro-
bustness theory to the complete feedback system in Fig. 2 or 3 offers
very little information about the stability and stability robustness at
each loop closure step, which is of paramount importance during
the synthesis. To obtain this information, the stability theory will be
applied at each step in the loop closure process. First, however, it
will be shown that the block-diagram structures in Figs. 2 and 3 are
special cases of the structure in Fig. 1.

Consider the following partition of the system in Fig. 1, or

y1(s) Yie(s) . ui(s)
Y= [)’2(3)] el = [m(s)] “e) = [w(s)]
Kui(s) K12(S)j| Gis) = [Gll(s) GIZ(S):]

K(s) = l:
Koi(s) Kn(s) Goi(s) Gax(s)

AG(s) AGnp(s

AG(s) = [ 1(s) 12 )] (13)
AGo(s) AGxn(s)
Gu(s,e) Gls,

G(s, ) = (s, &) 12(s, &)
Ga(s, &) Gnls,g)

The block-diagram structure in Fig. 2 is obtained by selecting
Kyi(s) =0 Kon(s) =0
21(s) 2(s) (14)

Gi2(s) = AGp(s) =0 Gn(s) = AGn(s) =0

along with elimination of the zero columns and rows of K (s), G(s),

and AG(s), leading to
K(s) = [Ki(s)K Gy = | &1
(8) = [Ki(5)K,o()] (s) = G.(s)

(15)
AG ) _ AG,(S) G( ) _ G,’(S,z‘,‘)
©= a6, "9 Guts. o)
The block-diagram structure in Fig. 3 is obtained by selecting
Kip(s) =0 Kn(s) =0 (16)

leading to
=[5 ] e=[a <)
AG(S):[ig;(fs)) ig((sﬂ a7
o= [g(zs% g((ss;))]

Stability at Each Loop Closure

Let Pgx and Pg denote the number of poles of K(s) and G(s),
respectively, in the right-half plane, or

P = Py + Pg (18)

Here Py can be separated into the number of compensator poles in
the right-half plane due to the inner loop compensation Py, and due
to the outer loop compensation Py, , or

Py = Pk, + Pk, (19)

Further, P can be separated into the number of plant poles in the
right-half plane to be stabilized with the inner loop Pg, and with the
outer loop Pg , or

P(;=PG[‘FPG('J (20)
Applying Nyquist theory to the inner loop closure yields
Ni (0, detl! + Ki(8)G: ()], Crup) = Z; — P 2D

where N;(0, det[I + K;G;], Cryp) denotes the number of encir-
clements of the origin made by the inner loop Nyquist diagram, Z;
is the number of closed-loop poles of the inner loop system in the
right-half plane, and P is the number of open-loop poles of the inner
loop system in the right-half plane. Although closed-loop stability
of the complete feedback system is ultimately desired, requiring
Z; = 0 at this loop closure step is not necessary because the unsta-
ble poles represented by Z; are to be stabilized by the outer loop.
Using the notation in Egs. (18-20), Z; and P; are given as

Z; = Pg; P = Pg, + Pg (22)

and the encirclement requirement in Eq. (21) becomes
N; = =Pk, — Pg, (23)
Next, applying Nyquist theory to the outer loop closure yields
No(0, det[] + Ko(5)G ()], Crip) = Z, — P, (24)

where N, (0, det{] + K,G.], Crup) denotes the number of encir-
clements of the origin made by the outer loop Nyquist diagram, Z,
is the number of closed-loop poles of the outer loop system in the
right-half plane, and P, is the number of open-loop poles of the
outer loop system in the right-half plane. Since this is the last loop
closure, the requirement

,=0= N, = P, (25)

is necessary for asymptotic stability of the complete system. Using
the notation in Egs. (18-20), P, is given as

P, = Py, + Pg (26
and the encirclement requirement in Eq. (25) becomes
N, =—Pg, — Pg, @n

In summary, for closed-loop asymptotic stability of the complete
feedback system, the inner and outer loop Nyquist diagrams must
have the correct number of encirclements of the origin, namely
~Pg, — Pg, and —Px, — P, respectively.
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There are practical control design problems where the inner loop
closure results in the destabilization or stabilization of an open-loop
mode associated with the outer loop. Note that the development
given above does not consider this situation. To account for this, Z;
in Eq. (22) can be altered to Z; = Pg, + P where P* represents
the change in the number of remaining unstable poles after the inner
loop closure. Positive P* denotes destabilization while negative P*
denotes stabilization.

To understand how the inner and outer loop encirclement require-
ments relate to the encirclement requirement for the overall feedback
system in Fig. 1, consider det[/ + K G] and the partitioning in Eq.
(13), or

det[I + KG]

[1 + KnGu + KipGay
= de

KuGu+ KipGyp ](28)
K> Gy + KpGo

I+ K G+ KpGy
Using the identity for the determinate of a partitioned matrix?’ yields

det[] + KG] =det[] + K;,G11 + K12G2
x det[I + K21G2 + Kzzf;zz
— (KnGu + KnGy)UI + Ki1Gii + KinGay) ™!

X (KnGr + Ki2Gx)l (29)
For the block-diagram structure in Fig. 2, Eq. (29) reduces to

det[I + KG] = det[] + K,G;]det[] + K,G,(I + K;G)™'] (30)

Observe from Fig. 2 that the effective transfer function between
¥,(s) and u,(s) with the inner loop closed is

G, =G,(I+K:G)™ (3D
Therefore, the result in Eq. (30) becomes
det[I + KG] = det[] + K;G;1det[I + K,G’] 32)

On the other hand, for the block diagram in Fig. 3, Eq. (29) reduces to
det[] + KG] = det[I + K;G;]

x detl + K,{G, — Goi(I + K:G)'K;Gio}1] (33)

From Fig. 3 note that the effective transfer function between y,(s)
and u,(s) with the inner loop closed is

G, =G,~ G+ K,G)'K;G,, (34)

Thus, Eq. (33) also becomes identical to Eq. (32).

The result in Eq. (32) is the key to relating the encirclement
requirement at each step to the encirclement requirement for the
complete feedback system. Using the conformal mapping identity
for the product of two functions," Eq. (32) yields

N =N;+N, (33)

Thus, the number of encirclements of the origin made by the Nyquist
diagram for the complete feedback loop equals the sum of the num-
ber of encirclements for the inner and outer loop systems. Each loop
closure contributes to the “unwrapping” of the origin. Further, by
substituting Egs. (23) and (27) into Eq. (35), it can be seen that
closed-loop asymptotic stability, as indicated by Eq. (3), is implied
if the individual encirclement requirements for the inner and outer
loop systems are achieved.

Just as in the case of single-loop closures, Eq. (32) can also be
used to relate the Nyquist diagram at each “multivariable” step to
the Nyquist diagram for the complete feedback system. Any point
on a Nyquist diagram is a complex number with magnitude and
phase. Thus, if one defines

det{ + K(jw)G(jw)] = Me®

detl] + K;(jo)Gi(jw)] = Me/* (36)
det[] + K,(jw)G,(jw)] = M,e/®

A ."‘w.l,ypel
I KoGolij !
e VT EGl
type O
\ - W
— T s

lower frequency range higher frequency range

type —1..".
Fig. 5 Inner and outer system loop shapes.

the magnitude and phase contributions from the inner and outer loop
Nyquist diagrams to the complete Nyquist diagram are

M=MM, 0=6+86, 37

One common situation where matters are simplified is with fre-
quency separation between the inner and outer loops. Suppose the
inner loop crossover frequencies are in a higher frequency range
and the outer loop crossovers all lie in a lower frequency range.
Further, suppose the inner and outer loop shapes are as shown in
Fig. 5, where both loops are well attenuated above their respective
crossover and the inner loop system is type 1, 0, or —1 (Ref. 28).

For frequencies well above the outer loop crossover

Ko (j@)G,(jo)lij| < 1 (38)
and Eq. (32) becomes
det[ + KG] ~ det{! + K,;G;] 39)

indicating the Nyquist diagrams for the complete feedback system
and the inner loop system are approximately identical. On the other
hand, for frequencies well below the inner loop crossover

1
|[K,-(ja))Gi(ja))]i,~| ~ |-_—[K[Gi(0)]ij‘ for type 1 inner loop
Jw

|(K:(j)G:(je))i;| ~ |[K;(0)G;(0)];;] for type O inner loop
|[Ki(jw)G,~(jw)],-j| A |jw[KiGi(0)]ij| for type —1 inner loop

(40)
where K;G;(jw) is the remainder left over after 1/jw or jo is
factored from K;(jw)G;(jw). With this, Eq. (32) becomes

I —
detl + K(jw)G(jw)] ~ det l:— K;G; (0):I
jo

x det[] + K,(jo)G, (jw)] for type 1 inner loop

det[/ + K (jw)G(jw)] = det[I + K;(0)G;(0)] (41)

x det[] + K,(jw)G, (jw)] for type O inner loop

det[] + K (jo)G(jw)] ~ detf] + K,(jw)G,(jo)]

for type —1 inner loop

indicating the Nyquist diagrams for the complete feedback system
and the outer loop system are approximately identical for type —1
inner loop, different by only a constant scale factor for type 0 inner
loop, and different by a frequency-dependent scale factor for type 1
inner loop.

Stability Robustness at Each Loop Closure

Let P, denote the number of poles of the true plant Gr(s) in
the right-half plane, or

Pr = Px + Pg, 42)
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Here Pg, can be separated into the number of true plant poles in the
right-half plane to be stabilized with the inner loop Pg, , and with
the outer loop, Pg . Oor

PGT - PG,',T + PG;,T (43)

Applying Nyquist theory after the inner loop closure around the
true plant yields

Niz (0, det[7 + K;(s)Gp (), Crp) = Zip — Py (44)

where the notation is as before with the additional subscript T denot-
ing consideration of the true system. Again, requiring Z;, = O at this
loop closure step is not necessary. Using the notation in Eqgs. (19),
(42), and (43), Z;, and P, are given as

Zip =P, Py = Pg, + Pg; 45)

and the encirclement requirement in Eq. (44) becomes
Ni, = —Pg, — Pg, ¢ 46)

In a strict sense, if there are unstable modes still present after the
nominal inner loop closure, stability robustness is undefined and the
standard multivariable stability robustness theory is not applicable.
In other words, the concept of how far the system is from insta-
bility is meaningless because the system is already unstable. What
is required is a reinterpretation of the standard theory, and this is
considered next.

Using the mechanics of the standard theory, if 1) the nominal
inner closed-loop system satisfies the encirclement requirement
N; = —Pg, — Pg, [see Eq. (23)] and 2) the required number of
encirclements of the origin is the same for both nominal and true
inner closed-loop systems, or Pg, = Pg, , [see Egs. (23) and (46)],
then inclusion of the modeling error AG;(s) is guaranteed not to
change the number of unstable poles when only the inner loop is
closed if

det[] 4 K;(s)G;(s, €)1 # 0, 0<ex<l

@n

s € Cgrup,

A sufficient condition, developed from Eq. (47), guaranteeing the
above is

all + Ki(jo)G:(jw)l > olK:(jw)AG;(jw)] for0 <w <00
(48)
If multiplicative error at u; (s) is more appropriate [i.e., u; =(I+E;)

Ki(yi. — y)), then K;(s)G; (s, €) in Eq. (47) must be replaced by
K;(s, £)G;(s), where

Ki(s,e) =1 +eEi(9)]K;(s) (49)
and another sufficient condition guaranteeing Eq. (47) is
o[l +{K:i(jw)Gi(jw)} '] > G[E;(jw)] for0 <w < oo (50)

The reinterpretation is not that the closed-loop system is guaran-
teed to be stable, but rather that there is no change in the number
of unstable poles. The validity and importance of this step may be
unclear at this point, but it will be shown that the requirement in
Eq. (47) is an integral part of the stability robustness requirement
for the complete feedback loop.

Next, applying Nyquist theory to the true system, after the outer
loop closure, yields

Nop (0, det[I + Ko(5)G,, (5)), Crap) = Zo; — Poy (639

where the notation is consistent with previous analysis. For the
block-diagram structure in Fig. 2, G/, (s) is defined as

G, =G, (I +KiGi)™ (52)

which accounts for modeling errors in both G;(s) and G,(s),
whereas for the block-diagram structure in Fig. 3, G;T (s) is defined
as

G, = Gop — Goir (I + KiGi) 'K Gioy 3)

which accounts for modeling errors in G;(s), G;,(s), G, (s), and
G,(s). Again, the requirement

Zoyy =0= Nop = =P, 54)

is necessary for true asymptotic stability of the complete feedback
system. Using the notation in Egs. (19), (42), and (43), P, is givenas

Py = Py, + Por (55)
and the encirclement requirement in Eq. (54) becomes
Nop = —Pg, — Pgy (56)

Using the standard theory, if 1) the nominal outer closed-loop
system is asymptotically stable, or N, = —Px, — Pz [see Eq.
(27}, and 2) the required number of encirclements of ‘the origin
is the same for both nominal and true outer closed-loop systems,
or P = PG; ; [see Egs. (27) and (56)], then true closed-loop

asymptotic stability is guaranteed if
det[] + K,(s)G, (s, )] # 0, 0<e<l (57

where for the block-diagram structure in Fig. 2, G/ (s, ¢) is defined as

s € Crup,

Gl (s, 8) = G, (s, I + K;(s)G;(s, &)]™" (58)

whereas for the block-diagram structure in Fig. 3, G/, (s, &) is defined
as

G (s,8) = G,(s,8) — Goi(s, &) + Ki(s)Gi(s, &)™

X Ki(5)Gio(s, €) (59

A sufficient condition guaranteeing Eq. (57) is
o[l + K,(jo)G,(jo, &)] > 6[K,(jo)AG,(jo, &)]

for0<w=<o00,0<ex<1 60)

where for the block-diagram structure in Fig. 2, G;(s,s) and
AG (s, ) are defined as

G (s, 8) = G, (I + Ki(s)Gi(s, )] (61)
AGL(s, &) = AGo(®)I + Ki(5)Gis, &)™
whereas for the block-diagram structure in Fig. 3,
G (5,£) = Go(s) = Goi()I + Ki(5)Gi(s, &)1
X Ki(5)Gi,(s, &) (62)
AG(s,8) = AG,(s) — AGu (I + Ki(5)Gi(s, )]

X Ki(s)Gio(s, £)

If multiplicative error at u,(s) is more appropriate [i.e., u, = (I +
E)K,(yo. — ¥o)1, then K, (s)G/ (s, &) in Eq. (57) must be replaced
by K, (s, £)G/ (s, ¢), where

Ko(s,8) =1 + e E,(s)1K,(s) (63)
For the block diagram in Fig. 2, G’o(s, ¢) is defined as
G5, 8) = GoO + Ki(s, )Gy ()] 64)
whereas for the block-diagram structure in Fig. 3,
Go(s,8) = Go(s) — Gor()II + Ki (s, 8)Gi ()]

X K;(s, £)Gio(s) (65)
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With this, another sufficient condition guaranteeing Eq. (57) is
oll + (K,(j) G, (jo, )} '] > G[E,(jo)]
for0<w=<o0,0<e<l (66)

Although conceptually the same as the standard singular-value
robustness tests, Eqs. (60) and (66) are more complicated because
of the modeling errors present in more than one location in the
feedback system. It would be most desirable to eliminate & from
the tests; unfortunately, this dependence cannot be eliminated in
a simple manner (i.e., the singular-value theoretical framework of
Refs. 3-5 is not well suited for uncertainties at multiple locations
around the loop). However, this is not to say that Egs. (60) and (66)
have no practical value, as will be seen in the next section.

Again, there are practical problems where the inner loop closure
around both the nominal and true plants results in destabilization
or stabilization of an open-loop mode associated with the outer
loop, and this can be accounted for as before with a P* term. Note,
however, that the analysis becomes significantly more complicated
(and less useful) if the destabilization or stabilization occurs in the
nominal feedback loop but not in the true feedback loop or vise
versa. In this situation, the distortion of the Nyquist diagram from
the nominal shape to the true shape would be required to pass through
the origin exactly P* times.

To understand how the inner and outer loop adjustable Nyquist
diagram requirement relate to that for the complete feedback loop in
Fig. 1, considerdet[/+ K (s)G (s, ¢)] and the partitioning in Eq. (13).
Similar to the development in Eqs. (28-34), det[/ + K (s)G(s, )]
can be expressed as

det[/ + K(s)G (s, &)] = det[] + K;(s)Gi(s, )]

x det[] + K,(s)G. (s, £)] (67)

The result in Eq. (67) is the key to relating the distortion of the
Nyquist diagram at each step to the distortion for the complete
feedback system. Using Eq. (67), the complete nominal feedback
system is robust against modeling errors, as indicated by Eq. (8) if
the warpings for the inner and outer loops satisfy Eqgs. (47) and (57),
respectively. Note that although achieving the individual singular-
value robustness requirements in Eqgs. (48) and (60), or (50) and
(66), implies the requirement in Eq. (8), it does not necessarily
imply the requirements in Egs. (10) and (12), respectively. This is
unfortunate in light of the importance and acceptance of measuring
multivariable stability robustness with singular values.

However, as a final result, an inequality relationship between the
singular values for the overall system and for the inner and outer
loops is given, which holds only for the feedback structure in Fig. 2
Using Eq. (15), the return difference for the overall system can be
rewritten as the product of the return differences for the inner and
outer loop closures, or

I+KG=(+K,G)YI+K;Gy) (68)

Taking the singular value of Eq. (68) and using singular-value in-
equality relationships leads to

oll + KGl = gll + K;Gla[! + K,G))] 69)

Yols) = u(s)
(surge velocity)

—
oy = | 109
i) = [‘h(s)

B5(S) = OE(s) + Bifs)
d¢(s) = d¢(s)

Fig. 6 Inner loop block diagram.

Equation (68) can be rewritten as
KGI +(KG) ™=+ (KG)'IKG
= K,G,[I + (K,G,)""IlI + (K;:G))"1K,G; (70)
and manipulation of Eq. (70) leads to

_1, . alKiGila[K. Gl
all +(KG)'1= TTGIKGL

x o[l +(K:G) ' lell + (K,G))™'] (7

Example

The example to be considered involves the longitudinal flight
control of a large, flexible aircraft. Controlled inputs consist of
elevator deflection 8z and canard deflection 8¢ (both in radians),
whereas responses of interest include the pitch rate measured at
two locations on the fuselage, ¢g; and g, (in radians per second)
and the surge velocity u (in feet per second). The model for the
aircraft dynamics is 12th order and the state-space description is
given in Ref. 17. The flight control design objectives are to in-
crease the damping of the short period and aeroelastic modes, re-
duce the aeroelastic contributions to the pitch rate responses, and
stabilize the phugoid mode (one right-half plane pole). With the
existing frequency separation between the phugoid mode and the
other modes, the flight control synthesis will be accomplished in a
two-step approach, as indicated in Fig. 2. The inner loop closure
consists of angular rates g; and g, fed back to §z and §¢, respec-
tively, whereas the outer loop closure consists of speed 1 fed back
to 8 E-.

The inner loop compensation was synthesized in Ref. 26 and is
briefly reviewed here. First, the g»/8¢ loop is closed to improve
the first aeroelastic mode damping. Next, a §g-to-8¢ crossfeed is
introduced to reduce first aeroelastic mode excitations from 8z. Fi-
nally, the ¢, /8¢ loop is closed to improve the short-period damp-
ing. A notch filter is introduced at 11 rad/s to reduce the effects
from the second aeroelastic mode, whereas a low pass-filter with
a bandwidth of 60 rad/s is included for attenuation of higher fre-
quency aeroelastic modes. With this, the inner loop compensator
is

240475+ 116 [-0.05 0
K,(s) = 60 5240475+ 6[

d
s+60 s243.2s+116 | 0.075 0.05] (rad/rad/s)

(72)

and the block-diagram structure is shown in Fig. 6, where 8 repre-
sents the pilot stick inputs.

For this loop closure, Py, = 0 and Pg, = 0 since stabilization of
the phugoid mode is not an objective of the inner loop closure. The
Nyquist diagram corresponding to det[/ + K;G;] is shown in Fig. 7
and note that N; = 0 indicating the inner loop nominal stability
requirement is satisfied [see Eq. (23)].

Suppose here that modeling errors for the inner loop consist of
generic time delay at u; (s), or

Ei(s) =(e7% = 1I (73)

To assess the “stability robustness,” the inner loop singular-value
test is plotted in Fig. 8. From Fig. 8 observe that Eq. (50) is satisfied
and “robustness” is assured for 7; < 0.25s.

Now, the outer loop consists of constant-gain feedback of speed
u, or

K,(s) = 0.0001 rad/ft/s 74

and the block diagram is shownin Fig. 9. Here, Px, = Oand Pg, =1
due to the leftover phugoid instability from the inner loop closure.
The Nyquist diagram corresponding to det[] + K,G’]is shown in
Fig. 10, and it is seen that N, = —1, indicating the phugoid mode
has been stabilized and Eq. (27) is satisfied.
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For the outer loop, generic time delay at u,(s) is considered as
the modeling error, or

E,(s)=e ™ —1 (75)

To assess the stability characteristics in the presence of E,(s) only,
the singular-value test for the outer loop closure with ¢ = 0 is
plotted in Fig. 11. From Fig. 11 note Eq. (66), with ¢ = 0, is
satisfied for r, < 6 s. However, to assure robustness in the presence
of both E,(s) and E;(s), e # 0 must be considered. Rather than
plotting multiple curves corresponding to o [I 4 (K, OG;)“I] for each
value of ¢, only a single curve is plotted that gives the lower bound
on o[l + (KOG;)‘I], as ¢ is ranged from 0 to 1. From Fig. 11
note Eq. (66) is satisfied for all appropriate ¢ and robustness is

0.8 ; ,
0.6

0.4

Imaginary (1!s)
=)

e RUTRO A ... Phugoid .MQ@?...; ...................... N

28d Aeroelastic Mc;de d
06l & NochFilter ;.. . . N
: {1 Aeroelastic
(53
0.8 : ;
0.5 1 1.5 2
Real (1/s)
Fig.7 Inner loop Nyquist diagram.
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Fig. 8 Inner loop singular-value robustness trace.

Yo(s) = u(s)
(surge velocity)

_>
oy = | ()
yi(s) = [ B0l
8c(s)

u(s) = {535(5)

|

BE(S) = BE(s) + BE(s)
BC(s) = de(s)

Fig.9 Inner and outer loop block diagram.

03 ; ; 5 ;
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0.1

Imaginary {1!s}
)

-1 -0.5 0 0.5 1 1.5
Real (1/s)
Fig. 10 Outer loop Nyquist diagram.

assured for 7, < 6 s and 7; < 0.25 s. Observe the small change in
oll + (K,,G;)‘l] above 1 rad/s for nonzero values of ¢.

Although finished with a first attempt for the sequential design,
the flight control engineer is now faced with questions concerning
how the stability and stability robustness results at the inner and
outer loop closures contribute to the overall system properties, and if
not satisfactory, what modifications to the sequential design should
be implemented. This is where the results developed in previous
sections are appropriate.

For example, uncertainty might exist as to the role the intermedi-
ate encirclement requirement plays in the overall encirclement re-
quirement, since the final loop closure is what stabilizes the phugoid
mode. Equation (35) indicates that the intermediate encirclement re-
quirement (N; = 0) does not contribute to the overall requirement.
A “picture” of this is shown in Fig. 12, where the Nyquist diagram
corresponding to the complete feedback system or det{/ + K G] is
plotted, along with the results from Figs. 7 and 10. Observe how
the inner loop Nyquist diagram does not contribute to the origin
encirclement, leaving the outer loop Nyquist diagram to “unwrap”
the origin and stabilize the phugoid mode.

TWAs another example, it has been argued in the technical litera-
ture that stability robustness of the overall closed-loop system with
all feedback loops broken simultaneously and all uncertainties con-
sidered together is the key characteristics to consider, rather than
analysis based upon breaking one loop at a time with one uncer-
tainty present.*~> The flight control engineer should be interested in
how the robustness properties at the inner and outer loop closures
contribute to this characteristic and Eq. (71) aids in this task. Figure
13 shows the singular-value robustness of the complete system, or
ol + (KG)™'], along with the right-hand side of Eq. (71). Note
how the inner and outer loop characteristics shape the overall system
characteristic. If the overall singular-value trace needs to be shaped
slightly different to provide a satisfactory system, the flight control
engineer now has insight concerning where to make modifications
in the sequential design. After becoming exposed to and familiar
with the new results presented, it is possible for the flight control
engineer to anticipate the consequences of his current loop closure
upon the overall system properties, evaluated “downstream” in the
design process.

Figure 13 also shows the inner and outer singular-value charac-
teristics from Figs. 8 and 11. Observe how the inner and outer loop
singular-value traces match the high- and low-frequency range, re-
spectively, of the trace corresponding to the overall system. This is a
special result due to the type —1 inner loop (see Fig. 5)."" In the high-
frequency range (above 0.15 rad/s) K, G/, is atienuated relative to /
and Eq. (70) becomes {1 + (K G) ' |(KG) ~ [I +(K;G;) 1K G;,
leading to, for high frequencies,

oll + (KG) "~ gll +(K,G)™" (76)

Forlow frequencies (below 0.15 rad/s), K; G; is attenuated relative to
I,and Eq. (70) becomes K G{I +(K G)~' = K,G,[I+(K,G,)" "1,
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yielding, for low frequencies,
all + (KG)™1~ all + (K.G) '] (77

Here, the flight control engineer has obtained still more insight into
the contributions to the overall system characteristics from the inner
and outer loop closure design steps.

As a final result, recall that the distance from the origin to the
nominal Nyquist diagram can be used as a measure of stability
robustness. Therefore, Eq. (67) with ¢ = 0 and Fig. 12 also indicate
the contributions to the overall robustness from the intermediate and

final steps. Again observe the close match between the inner and
outer loop contours with the high- and low-frequency segments of
the overall contour, respectively. This offers useful insight as well.

Conclusions

It has been shown how the nominal, multivariable Nyquist dia-
gram and its continuous warping to the true shape for the overall
feedback system is related to the contributions from the inner and
outer loops. The encirclement requirement of the overall feedback
system to assure nominal asymptotic stability is converted to the
encirclement requirements for the inner and outer loops. Further,
to assure robustness against modeling errors, the requirement of
avoiding the origin, when the Nyquist diagram is warped from the
nominal shape to the true shape, is converted to similar requirements
for the inner and outer loops. The implications for analysis and de-
sign are that the overall stability and robustness characteristics can
be decomposed into contributions from the inner and outer loops,
which can offer guidance during feedback design.
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